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ON CONVERGENCE AND CLOSEDNESS OF
MULTIVALUED MARTINGALES

ZHEN-PENG WANG AND XING-HONG XUE

ABSTRACT. In this paper, various convergence theorems and criteria of closed-
ness of multivalued martingales, submartingales, and supermartingales are
proved.

1. INTRODUCTION AND PRELIMINARIES

The study of multivalued functions has been developed extensively with ap-
plications in several areas of applied mathematics, such as mathematical eco-
nomics, optimal control, and decision theory, (cf. Hildenbrand (1974), Him-
melberg and Vleck (1974), Papageorgiou (1986), Clarke (1984), de Korvin and
Kleyle (1985), Vovits, Foulk and Rose (1981), and Aubin and Frankowska
(1990)). Four notions of convergence of multivalued functions in a Banach
space, the Hausdorff distance convergence, the Kuratowski-Mosco convergence,
the weak convergence, and the Wijsman convergence are particularly useful in
the study. Illustrated by the works of de Korvin and Kleyle (1985) and Papa-
georgiou (1986), multivalued martingales, submartingales, and supermartingales
are powerful tools in the study of convergence of random multivalued functions.
In this paper we shall make a further study on convergence and closedness of
multivalued martingales, submartingales, and supermartingales.

Throughout this paper (Q, &, P) is a complete probability space, X is a
separable Banach space with the dual X*, and 2¥ is the set of all subsets of
X. Let

P.(X) = {4 € 2X: 4 is nonempty, closed, and convex},
P.,(X) = {4 € P.(X): 4 is bounded},
Pyic(X)={A4 € P,(X): A is weakly compact}.

For A € 2X\¢, we denote by cl 4 and ©04 the closure and the closed convex
hull of A4 respectively, and define |A4| = sup{||x|: x € 4},

s(x*, ) =sup{(x*, y):y € 4}, s(x*,¢)=-00, x"€X7,
dx, A)=inf{|lx —y|:y € 4}, d(x,¢)=00, x€X
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s(x*, A) and d(x, A) are called the support function and the distance function
of A respectively. Let ¥ be a sub-g-algebra of & . A random multivalued
function F from Q — P.(X) is & -measurable, if there exist .# -measurable
random variables f,: Q — X,

F(w) =c{fy(w), n > 1}, weQ,

(cf. [4, Chapter III]). The original study of random multivalued functions goes
back to Robbins (1944, 1945). Let .#[# ] be the family of all random multi-
valued functions which are ¥ -measurable. Let

={F € #[¥]: F(w) € P,(X) as.},
Zke ={F € £ F(w) € Py(X) as.},
A —(FeZ:Ed0,F)<o}, ZL!'={Fe%:E|F|<ox}.
For F € £, let
SHF) ={feLy: fis & -measurable, f(w) € F(w) as.},

where L} is the set of all Bochner integrable r.v.’s from Q — X. We also
simplify S}(&) as S}. It is easy to show that S} is nonempty if and only
if F € %4, The Aumann integral EF of F is defined by EF = {Ef: f €
S}}, where Ef is the Bochner integral of f. The conditional expectation of
F € Z%" with respect to &, E(F|¥), is the unique (up to a P-null set)
& -measurable multivalued function in .Z4! such that

Skpe)(F) = HE(fIF): f € Sk},

the closure in L}, (cf. [15, Theorem 5.1]). The conditional expectation of a
random multivalued function behaves like the traditional single-valued condi-
tional expectation. For example, for any F € Z4!, E(F|¥)=F as.,if F is
& -measurable; and for any sub-g-algebras # , % of &,

E(E(FIF) ) = E(F|#) as., if HCHA,

(cf. [15, Theorem 5.3]). For details of the definitions and properties of the mea-
surability, the integration, and the conditional expectation of random multival-
ued functions, we refer the reader to the works of Castaing and Valadier (1977),
Hiai and Umegaki (1977), Hiai (1985), Papageorgiou (1985a), and Aubin and
Frankowska (1990). For 4, B € 2X, let h*(A, B) = sup{d(a, B): a € A},
h=(A, B) = sup{d(b, A): b € B}. The Hausdorff metric 2 on P.(X) is de-
fined by

h(A, B) = max{h*(A4, B), h~ (4, B)}, A, B € P.(X).
For F, G e %!, define A(F, G) = Eh(F, G). Then (P.(X), h) and (Z!, A)
are complete metric spaces (cf. Hiai and Umegaki (1977), p. 160). For (4,, n >
1, A) C P(X), let
s-liminf 4, = {x € X: limd(x, 4,) = 0},
and
w-limsup 4, = {x € X: x; — x, for some x; € Ay, },

where (ni, k > 1) is a subsequence of (n > 1) and > means convergence
in the weak topology of X. We denote by A4, KM 4 the convergence of A,
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to A in the Kuratowski-Mosco sense, if w-limsup 4, = 4 = s-liminf 4, ; by

A, 2 4 the Hausdorff distance convergence, if h(4,, A) — 0;and by 4, ¥ 4
the weak convergence, if s(x*, 4,) — s(x*, 4) for each x* € X*. We say that
A, is Wijsman convergent to A if d(x, A,) - d(x, A), x € X, (cf. [10 and
19]). Since (A4, B) = sup{|d(x, A)-d(x, B)|, x € X}, the Hausdorff distance
convergence is stronger than the Wijsman convergence. However, if (and only
if) X is totally bounded, these two notions of convergence coincide (cf. [8 and
33]). If restricted to P.,(X), then the Hausdorff distance convergence implies
the Kuratowski-Mosco convergence and the weak convergence, and when X is
a finite dimensional space, these three types of convergence are equivalent (cf.
[13, p. 165] and [30]). Clearly, for any H € %!, H(w) € P(X) as.

Let (%,,n > 1) be an increasing sequence of complete sub-g-algebras of
A, Foo=0U,%)- By (Fu, %, n>1) we mean that (F,) C £? and F,
is #,-measurable, n > 1. Let T be the set of bounded stopping times with
respectto (#,,n>1) and T(s)={teT:t>s},seT.

Definition 1.1. (F,, %,, n > 1) iscalled a (multivalued) martingale, submartin-
gale, or supermartingale, if

E(Fy|%) =, D, or CF, as, n>1.

The rest of this paper is organized as follows. In §1, we shall prove various
convergence results and criteria of closedness of multivalued submartingales.
In §§3 and 4, we shall focus on convergence and closedness of multivalued
martingales and supermartingales.

2. ON MULTIVALUED SUBMARTINGALES

Lemma 2.1. For any F € £4' and sub-c-algebra & C & ,

(i) |E(FIF)| < E(F||F) as;

(i) [12] d(x, E(F|¥)) < E(d(x, F)|¥) as., x€ X,

(iii) [26] s(x*, E(F|¥)) = E(s(x*, F)|¥) as., x* € X*.
Proof. For any F € £4' and sub-c-algegra & C &, we can choose f, €
SE(FL?)(:?) such that E(F|¥) =cl{f,, n > 1} as. (cf. [15, Lemma 1.1]). It
follows that for any x € X, x* € X* and ¢ > 0, there exists f € S} such that
d(x, F)>|x - f|l|—¢ as. and s(x*, F) < (x*, f) +¢ a.s., and we can easily
check that

|E(FI|F)| = esssup |f|=esssup|E(f|F)|
TSk 19 F) fest

<E (esssup|f| |5‘”) =E(|F||¥) as.,
fest

Ed(x,F)¥)=E (essinf"x - fl |9) =essinfE(||x — f|| |¥)
fesk fesk

>essinf|x — E(f|¥)|| = essinf |x— f]
feS} I/ nls(ﬂy) &4

=d(x, E(F|¥))as., x€X,
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and for each x* € X*

s(x*, E(F|¥))= esssup (x*, f)=esssup(x*, E(f|¥))
sesk

fGSI‘:.(Fly)(?)

=esssup E((x*, NF)=E (esssup(x*,f)L?)
fest

fest
=E(s(x*, F)|¥) as. Q.E.D.
The following lemma slightly modifies Egghe’s lemma [9, Lemma VIII.1.15].
Lemma 2.2. Let I be a countable set and I(n) a subset of 1 such that I(n) C

I(n+1) and U, I(n) = 1. () {(x5, F,n2m), i€I(lm),m>1} isa
uniform sequence of real-valued subpramarts, i.e.,

lim sup P (sup[xf—E(le%] >s) =0, &>0,

teT seT(r)y \iel(r)
if and only if
(2.1) limP(sup(x,—r,)>s) 0, e>0,
teT i€l(t)

where 1(t) = I(n) on (t=n), and

ri = essinf E(x|%,) a.s., iel(n),n>1.
n teTl(n) (x¢|Fn) (n),n>

(b) Let {(x},F,n > m),i € I(m), m > 1} be a uniform sequence of
real-valued subpramarts such that

llmme sup |x.| < oc.
i€l(n)

Then for each m > 1 and i € I(m), (x;,n > m) and (ri, n > m) converge
a.s. to integrable r.v.’s x' and r' respectively, x' =r' a.s., and

(2.2) lim (sup x,',) = suplim x} = sup x’.

n\iel(n) ielr n iel
Proof. For each m > 1 and i € I(m), it is well known that (r, ,n>m)
is a generalized submartingale with values in [—o0, o0), and it is easy to show
that for any fixed ¢t € T and i € I(t), rl = essinfser() E(x!|#) a.s. and there
exist (s, n > 1) C T(¢) such that E(xs":«' |#) | ri as., (cf. [6, Lemma 4.1 and
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Theorem 4.1]). Hence, for any ¢ > 0,

lim sup P (sup [x! - E(x!|#)] > s)

€T s5eT(r) iel(t)

<limP (ess sup (sup [x! - E(x! IZ)]) > 8)

teT seT(t) \i€l(r)

=1limP (sup (ess sup [x; — E(x}lZ)]) > 8) = ltlenTlP (sup x!-ri]1> 8)

teT i€l(t) SET(1) iel(t)
=1imP | sup (sup[x,i - E(x}; |Z)]) >
teT i€y \ n "

=1limP (sup (sup [x/ - E(x} IZ)]) > 8)
teT n \iel( "

= ltlenTa supP (sup [x! - (x;; |F)] > 8)

n i€l(t

<lim sup P | sup[x/ - E(x/|F)]>¢ ],
€T ser(r) \i€el()

where the last equality is based on the fact that (sup;¢ ,(,)[x{ -FE (x;',- FD], n >

1) is increasing, and (a) holds. Now assume that {(x},%,,n > m), i €
I(m), m > 1} is a uniform sequence of real-valued subpramarts such that
lim infy E sup;¢;y) |x:| < 0o. Since (2.1) is equivalent to
(2.3) sup |x. —ri|—0 as.

iel(n)
(cf. [20, Theorem 5.1]), applying Millet and Sucheston’s subpramart conver-
gence theorem [20, Theorem 5.1] and (2.3), for each i € I(m) m>1,
(x,n>m) and (ri, n > m) converge a.s. to integrable r.v.’s x’ and r" re-
spectively, x’ =r' a.s. To prove (2.2), first we assume that inf,>; ;e Xy >a
for some a < 0. Then inf,>; jermy7y = @ and liminf, Esupe s |7yl <
liminf, E sup;c ) |x4| +|al < oo. Applying the proof of Neveu’s (1972) lemma
[21, Lemma 4, or 22, p. 109], lim, sup;c;(,y 75, = Sup;¢; lim, ry = sup;¢; r', and
by (2.3),

lim sup x! =lim sup r =supr’ =supx’,
njel(n) njel(n) iel iel

(2.2) holds. In a general case, for any fixed a <0, since

P (sup[x,i Va-E(x!va|%)]> s) <P (sup[x,iVa - E(x)\F)Val > 8)
i€l(t)

i€l(t)
<P <sup [x! — E(x!|%)] > c) ,
iel(y)

{xiva,% ,n>m), ieI(m), m>1} is a uniform sequence of real-valued
subpramarts satisfying

liminfE sup |x} Va| < oo.
L i€l(n)




812 ZHEN-PENG WANG AND XING-HONG XUE

Thus

supx’ < lim sup x. < lim sup (x} V a)
i€l m iel(n) m iel(n)

= suplim(x} v a) = sup(x’ vV a) — supx’,
el " iel iel

as a —» —o0, (2.2) holds. Q.E.D.

Definition 2.1. Given (F,) C £, we say that (i) assumption (A) holds, if either
(a) or (b) holds: (a) X has the Radon-Nikodym property, (b) for some G €
ke » liminf, h*(F,, G) = 0 a.s.; (ii) assumption (B) holds, if for some G €
Lke» h(Fn, GNF,) = 0 as.; (iii) (F,) is L'-bounded, if sup, E|F,| < co.

Let ./ be the set of all positive integers, #2 = {(m,k): me N ke N},
and #2()={(m,k)eS*:m<I}, 1 >1.

Lemma 2.3. Let (F,, %,, n > 1) be a submartingale. Then there exists a family
of adapted sequences {(f,f'"’k) s Fn,n>m), (m,k)eN?}C Ly such that
(a) for each n > 1,
Fy(w)=d{f"(w), k> 1} =d{ff"(w), 1<m<n,k>1} as.,

k k 1
E|IR™" - E(f7 ”Z)"Sw, n>m,k>1,

+1

and {(If"™ N, Fa,n 2 1), (m, k) € #2(1), 1 2 1} is a uniform sequence of
subpramarts.

(b) under assumption (A), if sup, E|F,| < oo, then there exist r.v.’s (f\"-%),
(m, k) e #?) c L such that

(2.4) fimo _, flmk) g
(2.5) limsupd(x, Fy) <d(x, F) a.s., XEeEX,
n
and (2.9) and (2.10) in Theorem 2.1 below hold, where
(2.6) F =co{f"™b (m,k)es?}yeZ.
Proof. Choose {f{"* ,k>1}c Sk (%) such that
Fo(@) = { i (@), k > 1}.
By the definition of multivalued submartingales and conditional expectations,
S5 (%) C Ship, .5 a) = UE(f1F): f € Sh,(Fan)}.
Since "9 ¢ St (%) , there is f;”’k) € S},”+l (Fs1),

+1

1
ENA"Y =BG < s

For each k > 1 and m > 1, by induction, we can get f,f’""” € S}.-"(.Z,),
n > m, such that

1

2m+k+n+1°

Jk Jk
E|A™9 — E(f7 1901 <
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Hence, for each (m, k) € #%, ( fimk) , n > m) is a quasi-martingale i.e.,
Cusm EIA™E — E(FTPIF)) < oo For any j>1, t€T(j) and s € T(1),
let K = max,eqs(w), then (s =K) € F_;,andfor n>j and m<n,

E|f™" — E(f™9)\%) ||1(t =n)
= E|fi™" - BT - () = f7O)(s = K)FI(E = n)
<E|R™ — EGTE 1 FlI(E = n)
+E| 7 - (™ "’|9;< 1>||1<t—n)
< <Y ENE - B IEINE = 1),

i>n
and
P (( s LA™ 9N = EQA™ PN > e)
m
<P sup (™Y -EFK™PIEN) > e
(m,k)eN (L)
<N PSP - EAF™RIF)II(E = n) > ¢)
n>jk>1m<n
<SS S EIA™E - EET G = n) /e
(27) n>jk>1m<n
<SS S S EIAP - EAIFOME = n) /e
n>jk>1m<ni>n
<SS EIAP - B F)IE = n)/e
i2j k>1m<in>j
7k s
<SS S EIAP - ESPI9e
i>j k>l m<i
1
< Z E 2m+k+1+18 =% 0,
(m,k)eN? i=j
as j — oo. Hence, {(I\™ |, %,n>1), (m,k) e #2(1),1 > 1} is a
uniform sequence of subpramarts and (a) holds. If sup, E|F,| < oo, then
(2.8) supE  sup  [|If{™"| = sup E|F,| < oo.
n (m,k)eN2(n) n

Since ( ff,m’k) , %1, n > m) is a quasi-martingale, it is a uniform amart, i.e.,

lim sup E| "% -~ E(f™ P\ =

teT SET(1)

(Bellow (1978)). If X has the Radon-Nikodym property, (2.4) follows from
Bellow’s (1978) uniform amart convergence theorem. Now we assume that
for some G € %, liminf, h*(F,, G) = 0 a.s. By the Riesz decomposition

theorem for uniform amarts (cf. [3 and 11]), fim.k) k) = pm- k4 2 k) where
(B0 F n > m) is a martingale and lim, z{

(m,k) — 0 a.s. and in L'.
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Hence (h},'”’k) , % ,n>m) is an L'-bounded martingale and for a.s. w € Q,
(h,(,'" ’ k)(w)) has a weakly accumulative point in G(w) . Applying [5, Proposition
4.4], h{™"*  and hence f{™*, strongly converges to f™:% ¢ L} and (2.4)
holds. For each x € X,

limsupd(x, F,)
n

= limsu inf dix. af™® 4 (1_q m,,k,)}
n p{(m k), (m' k'Y€ 2(n),a€l0, 1] ﬁ ( )ff; )

< inf limd(x, af™* + (1 = q) fi™-*)
(m, k), (m", k')e/t/2 a€f0,1] n ( ﬂ ( )f; )

= inf dix,afmk 4 (1 -a)fm KN =d(x, F) as.,
(m, k), (m' ,k")eN?,a€l0, 1] (x, af ( /! )=d(x F)

(2.5) holds. By Lemma 2.2,

lim|Fy| =lim  sup | fimao
n (m,k)eN2(n)

= sup lim| ™9 = sup Al
(m,k)es? (m,k)es
= sup IIaf('”""+ —a)fm k)| = |F| as.,

(m,k),(m',k")eN?,a€0, 1]

(2.9) holds, and by Fatou’s lemma, E|F| < liminf, E|F,| < 0o, F € Z!. For
any fixed x* € X* and (m, k)er?, let

Since |x{™ %] < |lx*|| M"'”‘)ll and
I E(xs(""k)IZ)I < AT = Em 1901,

by (2.7) and (2.8), {(x{™® ,n>1), (m,k)es*), | > 1} is a uniform
sequence of subpramarts satlsfymg

liminfE  sup |x{™¥)| < oo.
" (m,k)eA2(n)

Applying Lemma 2.2 again,
(m k)

hms(x F,)=lim sup x,
B (m,k)eN2(n)

= sup limx{™¥= sup (x*, f0mk)
(m,k)yes? (m,k)eN?
= sup (x*, afmk) 4 (1 — q) flm' -k

(m,k),(m' k"eA?,a€l0,1]
=s(x*, F) as.,

(2.10) holds. Q.E.D.

We denote by B* the closed unit ball of X* and by M* a countable subset
of B* which is dense in the Mackey topology.
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Lemma 2.4. Assume that (F,, %,, n > 1) is an L'-bounded submartingale and
assumption (A) holds. Let F be the random multivalued function constructed in
(2.6). If F € Lk, particularly, if for some G € %y liminf, h*(F,, G) =0
a.s., then for as. w € Q, F,(w) is Wijsman convergent to F(w).

Proof. If G € 4, and liminf, h*(F,, G) =0 a.s., then
Goeo{f"™h (m,kye NV} =F as.

(since F, > fi™K - fmk) a5 as m<n— oo),and F € Z,.. Itis easy to
see that forany x € X and 4 € 2%,

d(x, A) > sup [(x*, x) —s(x*, A)],
X*€EB*

and if 4 € %,

d(xa A) = Ssup [(X‘ ) x) -S(x‘ ) A)]'
X*eEM*

Hence, by (2.10), which has been proved in Lemma 2.3,
liminfd(x, F,) > liminf sup [(x*, x) —s(x*, F,)]
n n X*EB*

> sup liminf[{x*, x) — s(x*, F,)]

x*eM* N
= sup [(x*,x)—s(x*, F)]=d(x, F) as.,
x*eM*

and the a.s. Wijsman convergence follows from (2.5), the equicontinuity of
{d(-, A), A € 2X\¢}, and the separability of X. Q.E.D.

Let L! be the closure of the set of all simple functions in (Z!, A). It is
easy to show that G € L! if and only if G a.s. takes values in a separable
subset of (P.(X), h). When X is a finite dimensional space, L! = Z!.

Theorem 2.1. Assume that (F,, %,,n > 1) is an L'-bounded submartingale
and assumption (A) holds. Let F be the random multivalued function con-
structed in (2.6). Then F € Z! and the following hold:

(a)

(2.9) |Fu| = |F| a.s.

and

(2.10) li;ns(x* , Fo)=s(x*, F) as., x*eX*.
(b) If X* is strongly separable or assumption (B) holds, then

(2.11) F,XF as

and

(2.12) FMF as

(c) If F € Zykc, particularly, if for some G € Ly liminf, h*(F,, G) = 0
a.s., then for a.s. w € Q, F,(w) is Wijsman convergent to F(w).

(d) If F €L}, then

(d1) (2.12) holds;
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(d2) if (i), (ii), or (iii) holds: (i) (|F,|) is uniformly integrable, (ii) X* is
strongly separable, (iii) (F,) C L} a.s., then for as. w € Q, F,(w) is Wijsman
convergent to F(w) and h*(F,, F) — 0 a.s.

Proof. (a) and (c) have been proved in Lemmas 2.3 and 2.4.

Proof of (b). If X* is strongly separable, let X; be a dense and countable
subset of the unit ball B*. By (2.9) and (2.10), there is a P-null set N such
that for each w € Q\N and x* € X3, sup, |F(w)| < oo and

(2.13) li;ns(x* , Fa(w)) = s(x*, F(w)).

Then, by a routine dense method, (2.13) holds for each w € Q\N and x* € X*,

and F, YFas If assumption (B) holds: A(F,, GN F,) — 0 a.s. for some
G € Z,k.. Then, F C G a.s. and, by (2.10), there is a P-null set N such that
for each w € Q\N and x* € M*,

(2.14)

F(w) c G(w), li'r‘ns(x*, F(w)) = li'rlns(x* , Fn(w) N G(w)) = s(x*, F(w)).

Since (s(x*, Fp(w)NG(w)), n > 1) is equicontinuous for the Mackey topology,
hence, (2.14) holds for each x* € X*, and (2.11) holds. Since F, is convex, it
is easy to see that

(2.15) F =co{f"™k (m, k)es?} Cs-liminfF, as.,
and by (2.11),
(2.16) w-limsupF, C F, CF as.,

n

(cf. [14, Lemma 1.1]), (2.12) holds.

Proof of (d). We assume that F € L!. To prove (2.12), by (2.15), we need
only to show that (2.16) is true. Choose (X,, n > 1) C P.(X) such that for a.s.
weQ, Flw) € cl{X,, n > 1}, the closure in (P.(X), h). Foreach i > 1,
let (x;,j, j > 1) be a dense subset in X\X;. For i, j > 1, by the separation
theorem, there exists x; ;€ B* such that

(2.17) (x,‘-‘,j,x,-,j) Zs(x;‘,j,Xi)+d(x,~,,~,X,~).
Choose a P-null set N such that for each w € Q\N, (X,) is dense in the set
{F(w), w € Q\N}, and

li;ns(xi' F,(w)) — s(x} ;, F(w)), i,j>1.

i,j» i,j» =

If (2.16) is false, then there exist w € Q\N, x € w-limsup, F(w)\F(w),
and ¢ > 0 such that d(x, F(w)) > Sc. Choose i > 1 and j > 1 such that
h(Xi, F(w)) < ¢ and d(x; j,x) < c. Then d(x; ;, Xi) > d(xi;, F(w)) -
h(Xi, F(w)) > d(x, F(w)) —d(x, xi,j) — h(Xi, F(w)) > 3c. Since x €
w-limsup, Fy(w), by (2.17),

limsups(x} ;, Fa(®@)) > (X} ;, X) 2 (x] j, xi,j) —d(xi,j, X)
n

> s(x7 ;. Xi)+d(xi,j, Xi) —¢
> 5(x7 j, F(w)) = h(Xi, F(w)) +2¢ > s(x] ;, F(w)) +c,

i,j»
which is a contradiction, and (d1) holds. Now we prove (d2). By Theorem 3.1
below, h(E(F|%,, F)) — 0 as.
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(1) If (|Fn|) is uniformly integrable, then, by Theorem 2.2(ii) below, F, C
E(F|\%,) as., and h*(F,, E(F|%,)) =0 a.s. Hence,
(2.18) h*(Fu, F) < h*(Fy, E(F|%)) + h(E(F|#), F) - 0 as.

(i) If X* is strongly separable, let X, be a dense and countable subset of
B* . Since for any (4, B) C P4 (X),

h*(4, B) = sup [s(x*, 4) - s(x*, B)] = sup [s(x*, 4) —s(x*, B)],
XxX*€B* x*€Xy

(cf. [4, Theorem II-18]), by (2.10) and Lemmas 2.1 and 2.2, (s(x*, %) —
s(x*, E(F|%,)), %., n > 1) is a real-valued submartingale,

h*(Fn, E(F|%,)) = sup [s(x*, F,) —s(x*, E(F|%))] >0 as.,
X*€X]

and (2.18) holds.

(iii) If (F,) c L! as., then F, and E(F|%,) as. take values in a sep-
arable subset of (P.(X), h), since F € L! implies E(F|%,) € L. Choose
(Xn,n > 1) C Pyp(X) such that there is a P-null set N, (X,) is dense in the
set {Fy(w), E(F|%)(w), w € Q\N, n > 1}. Then we can choose a countable
subset X7, of B* such that

h+(Xi,Xj)= sup [S(X*> X,‘)‘S(X‘,Xj)], I:JZ 1’
x*€Xj,

and
h*(Fn, E(F|%,)) = sup[s(x*, F,) — s(x*, E(F|%))] -0 as.,
X‘

d2

(2.18) holds. Since d(x, F,) >d(x, F) — h*(F,, F),
lim"infd(x, F,)>d(x, F) as.,

and the a.s. Wijsman convergence follows from (2.5). Q.E.D.

Theorem 2.2. Assume that (F,, %,,n > 1) is an L'-bounded submartingale
and assumption (A) holds. Then the following are equivalent:

(1) (|Fnl) is uniformly integrable,

(ii) (Fn, Fa, 1 < n < o00) is a submartingale, where F,, = F is constructed
in (2.6);

(iii) for some H € &', F, c E(H|%,) as., n > 1; and if X* is strongly
separable,

1

(iv) for some H € L', s(x*, F,) Los(x*, H), x* € X*.
Proof. (i) = (ii). We need only to show that for each n > 1,
(2.19) SE(F) C Shri7)(Fn)

where F is constructed in (2.6). Forany n > 1, f € S; (%) and ¢ > 0,
choose | > n, 1/2! <¢. Since F, C E(F)|%,), there is g € S}I(Z) such that
E|E(gl%) - fll < €. Recall that F; = cl{f"*, k > 1} as., by [14, Lemma

1.3], there exist K > 1 and an %-measurable partition {4, 1 < k < K} of
Q such that

E

g— Y 914

1<k<K

<eé.
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Let h =Y, cpex SOPI(Ay) . Then h € Sk, E(hiF,) € Sk (Fn) and

E|lf - EhF)| < EIS - E(g1%)|

+E E(gL%)—E( 3 ff”k’I(Aknz;)

1<k<K

+E E( > f;"”"I(Aknz) ~ E(h|%)

1<k<K

<e+E|g-

DA (V1%

1<k<K

Y EGPIAIF) - EGER140)IF))

1<k<K
<2e+ Y EIfC0 - E(fERg)|
1<k<K
&L 1,k 1,k
<2+ > S EIfY-ESOIE)I
1<k<K i=l
+ S EIR, - EGORF )l
1<k<K
<28+ Z 221+1+k+1 + Z E” +L+1 E(f(l k)lg—+L+1)”
l<k<K i=l 1<k<K
1
<245y + 3 EIf - ECEOIF )l
1<k<K
<3e+ 3 EISLY, - ECCRIF )l — 36,
1<k<K

as L — oo, since (|F,|) is uniformly integrable and f*¥) and E(fU-R)|f)
L'-converge to f-k). Therefore, f € Sk p5)(Fn), (2.19) holds. (ii) = (iii)
is clear. (iii) = (i): For each n > 1, by Lemma 2.1, |F,| < |[E(H|%)| <
E(|H||%,) as., (i) holds. By (2.10), (i) implies (iv). (iv) = (iii): By (iv) and
Lemma 2.1, (s(x*, F,), %, n > 1) is a closed real-valued submartingale,

s(x*, F,) < E(s(x*, H)|\%) =s(x*, E(H|%,)) as., x*eX*,
which implies (iii) if X* is strongly separable. Q.E.D.

Remark 2.1. For an L'-bounded martingale (F,, %,,n > 1), Papageorgiou
(1989) proved that |F,| converges a.s. In Theorem 2.1, we identify the limit
under assumption (A).

Remark 2.2. Under additional conditions: X is reflexive and {s(x*, F,), n >
1} is a.s. equi-lower-semicontinuous, Papageorgiou (1985b) proved that if sub-
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martingale (F,, %,,n > 1) is L'-bounded, then F, KM H as. for some
H e Z!';andif (|F,|) is uniformly integrable, then the submartingale is closed.
3. ON MULTIVALUED MARTINGALES

Under different assumptions, Van Cutsem (1969), Neveu (1972), Daures
(1973), Hiai and Umegaki (1977), and Papageorgiou (1989) proved conver-
gence and closedness theorems for multivalued martingales. In this section we
continue this study. We begin with a multivalued martingale convergence the-
orem in Lévy’s type.

Theorem 3.1. Suppose that F € L.. Let F, = E(F|%,), n> 1. Then F, 5 F,,
a.s. and A(F,, F) — 0, where F, = E(F|%).

Proof. Without loss of generality, we may assume that F is #,-measurable.
For any ¢ > 0, pick a simple function H € %! such that H is %, measurable
and A(F, H) < €2. Assume that H = Y &_ H,I(4;), where Us_, 4, = Q,
AyAj =2, k # j,and Hi € Py(X). Pick 6 > 0 such that

J<é? (ZK max |H,-|) .
1<i<K

Choose n, < n; < --- < ng and By € %, such that P(By\A4y) + P(A4x\By) <
/3K . Let

Ck=Bk\(UBj), 1<k<K, CK=Q\(U Ck),

1<j<k 1<k<K
and G = Y 5_ H I(Cy). Then P(Ci\A4x) + P(4,\Cy) < 6, and
AG, F)<A(G, H)+A(H , F) < 2Ké max |H;|+ &% < 2¢2.
SIS

For any n > ng, by [14, Lemma 2.6],
h(F,, G) = h(E(F|%), E(G|#)) < E(M(F , G)|%) = hy.
Let ¢t =inf{n > ng, h, > €} (inf{$} = 00). Then

P (sup hy > 8) <EhI(t<oo)/e<A(F, G)le < 2e,

n>ng

and

P(sup h(F,, F) >28) 5P<sup h(F,, G) >£) +P(h(G, F)>e¢)

n>ng n>ng

§P<sup h,,>s)+28<4e.

n>ng

Hence F,  F a.s. Since h(F,, F) <|F,|+|F| < E(|F||%) + |F|,
A(F,, F) = Eh(F,, F) » 0. QED.

Theorem 3.2. Assume that (F,, %,,n > 1) is an L'-bounded martingale and
assumption (A) holds. Then the following are equivalent:

(1) (|Fp|) is uniformly integrable;

(i) (Fp, %, 1 < n < o0) is a martingale, where F,, = F s constructed in
(2.6);
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(iii) for some H € &', F, = E(H|%,) as., n>1;

and if X* is strongly separable,
1

(vi) for some H € £, s(x*, F,) 5os(x*, H), x* € X*.
Proof. By Theorem 2.2 and its proof, we need only to show that (i) implies
E(F|#) C F, as. Forany n>1, Foo-measurable partition (4x, 1 < k < K)
of Q,and k € /2, 1 <k <K, thereis L >1 such that k € #/*(L), 1 <
k<K. }et f =_215k31( f¥I(4;) and f; = zlgkgl( P(Ak|g'n+1)f,{(+1 , > L,
where f* and fY, are defined in Lemma 2.3. Then E(f|%) € Skp5)(Fn)
and E(fi|%) € S,[,.(FM',;)(?,,) = S} (%), since F and F,,, are convex. By
@),

E\E(f1%) - EiIZI
<EIf-fllS Y ENfI(A) = [y P(AdFan)ll = 0
1<k<K

as | — oo, E(f|%,) € St (%), and applying [15, Lemma 1.3], Sé(plz)(y,,) C
St (%) , which implies E(F|,) C F, as. QE.D.

For martingales, in addition to the convergence results in Theorems 2.1, 3.1,
and 4.1 in the next section, we have the following Hausdorff convergence result.

Theorem 3.3. Assume that (F,, %,,n > 1) is an L'-bounded martingale, as-
sumption (A) holds, and F constructed in (2.6) is in Ll. If (i), (ii), or (iii)
holds: (i) (|Fy|) is uniformly integrable, (ii) X* is strongly separable; (iii)
(Fp) cL! as., then

(3.1 F, 2 Fas

Proof. (3.1) follows from the proof of (d2) in Theorem 2.1, noticing that
(s(x*, Fy) —s(x*, E(F|\%)), %, n > 1) now is a martingale. Q.E.D.

Remark 3.1. Theorem 3.1 was obtained by Hiai and Umegaki (1977) under
an additional assumption that X is reflexive or F(w) is compact for a.s. .
They also constructed an example [14, Example 6.6], showing that the condition
F € L! cannot be weakened by F € Z! even if X is reflexive.

Remark 3.2. (1) (i) = (iii) in Theorem 3.2 was obtained by Hiai and Umegaki
(1977) (under an additional condition that X* is strongly separable) and Pa-
pageorgiou (1989). (2) When X is the separable dual space of a Banach space,
Neveu (1972) proved (i) < (iii) < (vi) in Theorem 3.2.

Remark 3.3. When X is the separable dual of a Banach space, Neveu (1972)
proved (2.10) for L'-bounded martingales and proved (3.1) when F € L!;
Daures (1973) proved (3.1) under conditions: F, is a.s. compact, n > 1, and
X is reflexive; and under the condition E sup, |Fy| < oo, Papageorgiou (1989)

proved F, KM I as. for some H € Z.

4. ON MULTIVALUED SUPERMARTINGALES

In Van Cutsem (1972), the author proved convergence theorems for multi-
valued supermartingales when X is a finite dimensional space. When X is
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a general Banach space, Papageorgiou (1987) proved that if a supermartingale
(Fn, %, n >1) is contained in G € Zy . NZ': U, Fr C G as., and if X*

is strongly separable, then F, W F as. for some F ¢ Z!. Recently, Hess
(1991) developed a truncation argument in Van Cutsem (1972), and proved a
Kuratowski-Mosco convergence theorem for supermartingales with unbounded
values when |J, F, C G for some G € %, , where

Lwke ={G€Z:GNB0,r) € Lyke, r >0},
and B(0, r) is the closed ball of radius r, centered at 0.

Definition 4.1. Given (F,) C %!, we say that (i) assumption (A’) holds, if X*
is strongly separable and there is a subsequence {n;} such that F, € Fy,
and either (a) or (b) in the following holds: (a) X has the Radon-Nikodym
property, (b) liminf, A*(F,, G) =0 a.s. for some G € F, ; (ii) assumption
(B") holds, if F, € Hyi, and h(F,, GNF,) — 0 a.s. for some G € Fy, ; (iii)
assumption (C') holds, if there is a subsequence {n;} such that F, € Ly,
and either (a) or the following (c) holds: (c) liminfy A*(F, , G) = 0 a.s. for
some G € Lk -

In this section we prove the following convergence and closedness results for
multivalued supermartingales.

Theorem 4.1. Suppose that (F,, %,,n > 1) is a supermartingale such that

sup, Ed(0, F,) < oo and assumption (A’) or (B') holds. Then there exists
F € £% such that

(1)
(4.1) EMF as;
(i) if liminf, |F,| < oo,
(4.2) li'rlns(x* , Fo)=s(x*, F) a.s., x*eX*,

and if limsup, |F,| < 0o a.s., then
(4.3) FYF;

(iii) if for some G € FLyi., liminf, h*(F,, G) = 0 a.s., then for a.s. w €
Q, F,(w) is Wijsman convergent to F(w).

Theorem 4.2. Let (F,, %,,n > 1) be a supermartingale. If assumption (C')
holds, then there exists F € %' such that E(F|\%,) C F, a.s. if and only if
(d(0, F,), n > 1) is uniformly integrable.

Remark 4.1. Under the assumption |J,F, C G for some G € Z,., Hess
(1991) proved that if sup, Ed(0, F,) < oo, then (4.1) holds; and if (d(0, Fy))
is uniformly integrable, then supermartingale (F,, %,, n > 1) is closed. Under
the assumption |J, F, C G for some G € Z,., Hess (1991) also proved (4.3)
and the a.s. Wijsman convergence of F, to F.

To prove Theorems 4.1 and 4.2 we need the following lemmas.

Lemma 4.1. Suppose that (A,,n > 1) C P(X), Ay D A, D ---, and

h(An, GN Ap) — 0 for some G € Py (X). Then A = (), An € Pyi(X)
and

(4.4) li'rl'ns(x* , Ap) = s(x*, A), x* e X*.
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Proof. 1t is easy to show that 4 € P, (X), and lim, s(x*, 4,) > s(x*, A),
x* € X*. Now for any fixed x* € X*, choose y, € 4, NG, s(x*,yn) >
s(x*, An)—1/n—||x*||h(4n, AxNG) . Then there is a subsequence (y,, , k > 1)
such that y,, 5 y. It is easy to see that y € 4 and

li'rlns(x*, Ap) = lilin(x* s V) = (x*,y) <s(x*, 4),

and (4.4) holds. Q.E.D.

Lemma 4.2. Suppose that (F,,n > 1) c &4, FF D Fb, > --- as., and
h(F,, GNF,) — 0 a.s. for some G € L. Then F =\, F, € Lk, and for
any sub-c-algebra & C &,

(4.5)  s(x*, E(F|F))=s (x*, ﬂE(F,,L?)) as., x*eX*

And if N, E(FulF) € Lk or X* is strongly separable, then
(4.6) E(F|\F)=\EF|¥) as.
n

Proof. By Lemma 4.1, F € %, and for any x* € X*, by Lemma 2.1 and
the monotone convergence theorem,

s(x*, E(F|F)) = E(s(x*, F)\F)=E (li'{ns(x*, F,,)|97)
= li'IInE(s(x"‘, F)|¥) = lirtlns(x* , E(Fp|¥))

> (x*, (\E(Fx |9)) > s(x*, E(F|¥F)) as.,

(4.5) holds. If X* is strongly separable, then (4.6) follows from (4.5). If
Ny E(FalF) € Zypke ass., then N, E(Fy|F) D E(F|F ) € Lk, a.s., and by the
continuity in the Mackey topology, (4.5) implies (4.6). Q.E.D.

Definition 4.2. Given (F,) C -Z4!, we say that (i) assumption (A}) holds, if
X* is strongly separable and if there is a subsequence {n;} such that F, €
Zke s k > 1; (i) assumption (B}) holds, if F, € Z., n>1.

Given a supermartingale (F,, #,, n > 1), we define G, = ﬂmZn E(Fp|%).

Lemma 4.3. Let (F,, %,,n > 1) be a supermartingale satisfying assumption
(A}) or (B)). Then (Gn, %, n > 1) is a martingale.

Proof. By the definition of supermartingales, we have
Fy D E(Fy1|%) D E(Fpi2l#) D+ as.,  n>1.
If assumption (B)) holds, then, by Lemma 4.2, G, € %, and

m>n+1

E(G,.+1|.9;)=E( N E(Fm|9:.+1)|9;)

= | E(Ful%) =G as.

m>n
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In the following we assume that X* is strongly separable and there exists a
subsequence (n) such that F, € £, kK > 1. Then, for any k > 1,
Nimzn, E(Ful%,) € ZLykc. Forany n > 1, choose ny_; > n, then, by Lemma

bt

Go= () EEnF) = (| EEFEn|Fn_)Fn)

m>n m>ny_

(  EFnlF,_ .)L%) e £,

m>ny_,

and

E(Gn+l|'?

2n+

E(E(Fn|Fu )\ Fns1)|Fn

(2
#(n
((D (Fm|Z )| Fn )IZ)
e

n legnﬂ |9’)

m>ny

N (lezkn?) (" E(E(Fnl%)|%)
m2>ny
E(F,

G, as.

(Gpn,F,n>1) isa martlngale. Q.E.D.

For a supermartingale (F,, %,,n > 1), by Lemma 2.1, (d(x, F,), % ,n>
1) is a real-valued submartingale. Let v, = sup,,>, E(d (O Fn)l%) . It 1s well
known that (v,,n > 1) is the martingale part in the Krickeberg decompo-
sition of submartingale (d(0, F,), % ,n > 1), lim, Ev, = lim, Ed(0, F,),
and (vp,n > 1) is uniformly integrable if and only if (d(0, F,),n > 1) is
uniformly integrable (cf. [6 and 22]).

In the following we assume that (F,, %,, n > 1) is a supermartingale satis-
fying sup, Ed(0, F,) < oo, and use the following Hess’ (1991) truncation:

Fk=F,nB(0, v, + k), k>1,
(since v, > d(0, F,), FF is not empty).

Lemma 4.4 (Hess (1991)). (FF, %, n > 1) is a supermartingale such that (i)
sup, E|F¥| < sup, Ev, + k < oo (i) sup, |F¥| < sup, v, + k < oo a.s; (iii) if
FK¥YM pk k> 1, then F,"X'J, F* as.

Lemma 4.5. (i) If d(x, FF) - d(x, F¥) as., k> 1, then

dx,F,) —d (x, UF") as.
k
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(i) If liminf, |F,| < 00 a.s., and if s(x*, FF) — s(x*, F¥) as., k > 1, then
s(x*, Fy) = s(x*, U, F¥) as.

(iii) If limsup,, |F,| < co a.s., and if F* % F* as., k> 1, then F, % J, F*
as.
Proof. (i) It is easy to show that

~ e, ky _ ky _ k
limd(x, F,) < inflimd(x, Fy) =infd(x, F )—d(x,LkJF) as.

On the other hand, we can choose x, € F,, (x, is a function of w) such that
d(x, F,) > ||x — xu|| = 1/n. Then (]|x — x,||, n > 1) is bounded and

limd(x, F,) =lim |x - X, > inflimd(x, Ffy=4d (x, LkJF") as.

(i) Since Es(x*, F,)~ < Es(x*, F¥)~ < ||x*|E(v, + k), by Lemma 2.1,
(s(x*, F,),n>1) and (s(x*, FX), n > 1) are supermartingales and converge
almost surely. If liminf, |F,| < oo a.s., then for a.s. w € Q, there exists
k = k(w) > 1 such that for infinitely many n > 1 F,(w) = F¥(w), and

lims(x*, F,) = suplims(x*, Fk) = sups(x*, F¥)
k k

=s(x*,UFk) as., x*eX*,
X

(ii) holds. (iii) If limsup, |F,| < co a.s. and if F¥ ¥ Fk  then the null set in
the proof of (ii) can be independent of x*, and (iii) holds. Q.E.D.

Proof of Theorem 4.1. By Lemmas 4.4 and 4.5, we may assume that sup, E|F,|
< o0, sup,|Fy| < oo a.s. and the following (1) or (2) is satisfied: (1) X* is
strongly separable and assumption (A) holds; (2) assumption (B) holds. We
may also assume that for some subsequence (nx), Fn, € Lk, kK > 1, and
in proof of (iii) liminf, A*(F,, G) = 0 as. for some G € Z,.. Let G, =
Nmo>n E(FmlFs) . Then (Gn, F, n > 1) is an L'-bounded martingale satisfy-
ing (1) or (2). Applying Theorem 2.1, there is F € %! such that

(4.7) Gy ¥ Fas. and G, KMpFpas.

For any n > 1, choose k > 1 such that n; > n. Then, by Lemmas 2.1, 4.1,
4.2 and the monotone convergence theorem for conditional expectations,

S(X*, Gn)=s (x*’ ﬂ E(E(FM|‘7”k)"9';))

m>n;

=S (x*, E ( n E(lezk)L?n)) =E (s (X*a n E(le'gnk)) |'?n)
m>ny m2>ny

= E (lims(x*, EFnlFn %) = lim E(s(x", E(Fnl%3,))|%5)
=lims(x*, E(E(Fn|%)|%0)) = lims(x", E(Fn|%y))
= li'}tnE(s(x* , Fm)| %) as.,
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and (s(x*, F,), %, n > 1) is a real-valued supermartingale satisfying
sup E|s(x*, Fy)| < [|x*|| sup E|Fy| < oo.
n n
Hence (s(x*, F,), %, n > 1) is a amart, of course, subpramart (cf. Millet and
Sucheston (1980)), and
s(x*, Gp) =lim E(s(x*, F;y)|%,) = ess inf E(s(x*, F)|%,) as.
m t€T(n)

Applying (4.7) and Lemma 2.2, we have
s(x*, F)= li;ns(x“ , Gy) = li’{ns(x* , Fp) as., x* e X*,
(4.2) holds. As the proof of (b) in Theorem 2.1, we get (4.1) and (4.3) from
(4.2), noticing that
s- limn infF, D s-lirr}l infG,=F a.s.
Proof of (iii). Since there is G € %, such that liminf, h*(G,, G) <
liminf, h*(F,,G) = 0 as., G O F € %, as. (see the proof of Lemma

2.4). By Lemma 2.4 and its proof, lim,d(x, F,) < lim,d(x, G,) =d(x, F)
a.s. and

li'rlnd(x, F,) > limsup sup ({(x*, x) —s(x*, Fp))

n x*€EB*
> sup ({(x*, x) —s(x*, F))=d(x, F) as.,
xX*EM*

(iii) holds. Q.E.D.

Proof of Theorem 4.2. Assume that for some subsequence (ny), Fy, € .Zwkc ,
k>1.1If (d(0, F,)) is uniformly integrable, then (v,), and hence (|F7]), is
uniformly integrable, j > 1. Let G;, = N, E(F#|%,) . Then, by Lemmas
4.4 and 4.3, (G{;k » P> k 2 1) is a uniformly integrable martingale satisfying
assumption (A), and by Theorem 3.2, there is F/ € .Z! such that G, =
E(F/|\%,,) as. Foreach n> 1 choose k > 1 such that n; > n, then
F] > E(F}|%) 2 E(G},|%%)
= E(E(F/|%,)|%) = E(F/|%,)  as.

Let F=|J,F’/. Then F € .£4!, and, by [14, Theorem 2.1],
J] C

J

J

49) F,=|JF{od (UE(F1'|9;)) =E (U Ff|z) = E(F|%,) as.
j

On the other hand, if (4.9) holds for some F € £4!, then, by Lemma 2.1,
d(0, F,) <d(0, E(F|%,)) < E(d(0, F)|#),
(d(0, F,)) is uniformly integrable. Q.E.D.
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